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A CONTINUUM HAVING ITS HYPERSPACES

NOT LOCALLY CONTRACTIBLE AT THE TOP

ALEJANDRO ILLANES

(Communicated by James E. West)

Abstract. For a continuum X, let C(X) (resp. 2X ) be the spaces of all

nonempty subcontinua (resp. closed subsets) of X . In this paper we answer

a question of Dilks by showing an example of a continuum X such that if

£A = C(X) or 2X , then 3? does not have nonempty open subsets which are

contractible in !%? . In particular, %A is not locally contractible at any of its

points.

Introduction

A continuum is a compact, connected, nondegenerate metric space. The

hyperspaces of a continuum X are the spaces lx consisting of all nonempty

closed subsets of X, and C(X), consisting of the connected elements in 2X ,

each with the Hausdorff metric. If U is a subset of a topological space Y, we

say that U is contractible in Y if there exists a continuous function F: Uxl ->

y and there exists a point y e Y such that F(u, 0) = u and F(u, 1) = y for

every u e U.

In [4] the contractibility of hyperspaces is discussed in detail. More recent

results may be found in [1], [2], [5-9]. In [3, Problem 111], appears the follow-

ing question by Dilks: Is C(X) or 2X locally contractible at the point X ? In

this paper we give an example of a continuum X such that if A%A = C(X) or

2X, then %A does not have nonempty open subsets which are contractible in

%A. In particular, %A is not locally contractible at any of its points.

1. An auxiliary construction

Let ß = [-l, l]x[-l, l]x... with the metric d(x, y) = £|x„ -yn\/(2n),

where x = (xx,x2, ...) and y = (yx,y2, ...). Let J = [-1, 1], and let

N = {1, 2, ...}. For « G N, define the projection Wn : Q -> Jn by Un(x) =

(xx, ... , xn). Given x, y e Q, define the segment joining x and y by xy =

{tx + (l-t)yeQ:te[0, 1]}.
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Given « G N, A c Jn x {0} x ... , and p, q e A define, for m e N,

Am = Un(A)x{l/m}x{0}x..., pm = (Un(p),l/m,0,...) eAm, qm =

(Un(q), l/m,0,...),and

L   =[JAJ^[   if «z is even,

m     l^Â+T   if w is odd.

Then we define P(«, A, p, q) = Aü(\J{AmLSLm : m e N}) and N(n, A,p,q)

= {(xx,... ,xn, -xn+x, xn+2, ... ) e Q : x = (xx, x2, ... ) e P(n , A, p, q)} .

Since yl = n^(^)x{0}x... , we have that P(n,A,p,q) clln(^)x[0, l]x

{0}x.... Then YIn(P(n, A, p,q)) = Un(A) = Un(N(n, A, p,q)). Notice

that A = ClQ(lJ{^m U Lm : m e N}) - (lj{^m U Lm : m e N}). So if A is a
continuum, then P(n, A, p, q) and N'n, A, p, q) are continua. Notice also

that P(n,A,p,q)n(Jnx{0}x...) = A = N(n,A,p,q)r\(Jnx{0}x...).

For « G N and u e J, define Q(n, u) = J" x {u} x J x ... . If m G N

and u G (l/(m + 1), l/m), then Q(n, u) nP(n, A, p, Q) = Q(n, u) D Lm is
a point which separates P(n, A, p, q).

1. The example X

Let a = (-1, 0, ...) and ¿ = (1,0, ...). For « G N, put an = (-1 +

1/2", 0,...) and ¿„-(1- 1/2", 0, ...). Define

A* = axbx;

Bx=P(l,A*,ax,bx);

C, =P(l,Bx\j~á2Tx,a2,bx),

Dx = N(l, Bx yja~^F2, ax.b2).

In general, for « > 2, define Bn = P(2n - 1, Cn_x U Dn_x, an, bn) ;  Cn =

P(ln,Bnu7^b~n, an+x, bn) and Dn = N(2n, Bn Uanbn+X, an, bn+x).

Then define X = Cle([J{P„ : n e N}). Since A* is a continuum, then Bx,

C¡, and Dx are continua. It follows that each Bn is a continuum. Furthermore

Bx c C, DDj c B2c C2nD2 c ... . So X is a continuum. We will prove some

properties of X :

(A) n2„+1(*) = n2n+1(C„ UDn Ua~b) for all « G N.

Since anbn c Bn and anbn -> ab, we have that aAl. Then Cw U Dn u

ScA-. If m>« + l,then ÏI2m_x(BJ = Yl2m_x(Cm_xuDm_x). This implies
that

n2m_ A) = n2w_2(cm_1) un2w_2(gm_1) _

= n2m-2(5m-. Uöm^_-l)Un2m-2(5m-l Uöm-leJ

cn2m_2(5m_,u^).

so n2m_3(Pm) c n2m_3(Bm_x uäb). Then n2n+1(5w) c n2n+x(Bm_x u55).
It follows that
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n2»+i(fi,+,) = n2„+,(Csui)„);

n2„+, (y){Bm : m > «}) c Tl2n+x(CnuDnUab).

Since Bx c ■■■ c Bn c CnU Dn and n2n+1(Cn UßnU  a¿) is compact, we

conclude that Yl2n+l (X) = U2n+X(Cn UDHUab~).

(B) n2n(X) = lA2n(Bn U ab) for all « G N, and the maps rx: X ^

CnUDnU ab and r2: X ^ BnUab given by rx(x) = (n2n+1(x),

0, ... ) and r2(x) = (U2n(x), 0, ... ) are retractions.

Notice that n2„(X) C_U2n(Cn) U U2n(L\) U U^ab) C n2„( ̂ U ^Fn) U

U2n(Bn U anbn+x) U U2n(ab)  C U2n(^n U ab) ■    SinCe   C„ U D„ U tf¿  C  /2"+'  X

{0} x ... , we have that C„ U Z>n U ab = n2n+1(X) x {0} x ... . Then rx  is a

retraction. Similarly, r2 is a retraction.

(C) Bnf)ab = anbn   for every « G N.
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Bx nab = P(l, A , a, b) n (J x {0} x ...) = A = axbx . Suppose that

•s«n^ = ^Ä- Then 5„+A^¿ = P(2«+l,CnUO„,a„_1,¿n_1)n(72""1 x

{0} x ...)n(J x {0} x...) = (CnuDn)n(J2n x {0} x ... ) n (7 x {0} x ... ) =

^BnUan+A)U{BnUanbn+l))nri = an+xbn+x.

(D)       Assume that « G N,  Y = Cn U Dn U ab and ^ = C(Y) or
y

2 . Then there do not exist B e ^, W open in ^ and

F : W x I -> %AÜ continuous such that B c Bn, B e W, for

each A e W, F(A, 0) = A, F(A, 1) = Y and, for every

A e W and s < t, F(A, s) c F(A, f).

Suppose that there exist such B, W, and F. Since F(B ,0) c Bn and

F(B, 1) = y <f Bn, there exists t0 = max{f G [0, 1]: F(B, t) c Bn) and

0 < t0 < 1 . By (C),an+X, bn+x i Bn and, since Bn c J2n x {0} x ... , we

have that Bnn(({n2n(an+X)}x J x ...)U({U2n(bn+x)}x J x ...)) = 0. So there

exists (5 > 0 such that t0 + ô/l< 1 ; ^ = {A e ^: #(.4, B) < 0} c IF ( H

is the Hausdorff metric for 1Q ) and, if A e £% and t e (t0-ô , t0 + o)n[0, 1 ],

then F(A 0n(({n2„(û|I+1)} x J x...)U({Tl2n(bn+x} x J x ...)) = 0.

We will prove that F(B, t0 + ô/2) c C„. Recall that

c„ = p(2«,fi„u^-x:,a„+1,¿„)

= ßA^Au(U^muLm^eN})

where ^m = (n2„(5„ Uan+lb„)) x {l/m} x {0} x ... ;

if m is even

if «z is odd,\%AhnVl     if

Pm  =  (n2nK+.)'1/W'0'---):

^ = (n2„(¿JA/m,o,...).
r2«Since B c Bnc J    x {0} x ... ,v/e have that 5 = lA2n(B) x {0} x ... . For

each m e N, put £m = n2n(5) x {l/«z} x {0} x • • • c Am . Then Eme^0 and

Em -* B , so there exists Af G N such that H(B, Em) < ô for all m>M.

Let m be an even number with m> M. We will show that

T = F(Em,t0 + ô/l)cCn.

Choose ue (l/(m+l), l/m). Then 0(2«, u)C\Cn = Q(ln, u)(~)pmpm+x . Since

{F(Em s)elY:0<s<t0 + ô/l} is an order arc in 2y from F(Em , 0) to T,

then [4, Theorem 1.8] each component of T intersects Em c Il2n(5n)x{l/m}x

{0} x ... . Thus S = T\J(Y\2n(Bn) x {l/m} x {0} x ...) is connected. Since

PmPm+i C{n2n(an+1)}xjx..., 5flc72"x{0}x...,and an+l i Bn , we have

that Snpmpm+X = 0. On the other hand, S c Y = Cwu£>nUa¿ and Dno ab c

j2"x[-i, 0]x{0}x... ,so 50(2(2/1, u) = sn<2(2«, «)nc„ = 5nQ(2«, K)n

pmpm+x = 0. Furthermore 5" is connected and Em c Sf)J   x(u, 1] x J x... .
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Then S c (J2n x(u, 1] x / x ... ) n Y C C„ . Thus F(Em , t0 + Ô/2) c C„ for

all m > M with m even. Hence F(B, t0 + Ô/2) c Cn .

In a similar way it may be proved that

F(B,t0 + ô/2)cDn.

Then F(B, t0 + ô/2)cDn . Then F(B, t0 + S/2) C C„ f)Dn = C„ n (/2" x {0} x

...)DDn = (^uZ7^)n(5„Ua„¿n+1) = £„ . Therefore F(B, tQ + ô/2) c B„ .
This contradicts the choice of t0 and proves (D).

(E) C(AT) = Clc(x) (\J{C(Bn) : « G N}) ,

and

2* = Cl2* (|J{2B" : « G N}) .

For « g N, take the natural retraction /: ab -* ab„ and define r: X -* B„

by _

rtx) = / ^r2(X))     Íf'-2(X)ea¿>

U2(x)        ifr2(x)€ÄB,

with r2 as in (B). Then r is a retraction such that D(x, r(x)) < 1/(2""') for

every xeX. Hence, for each B e lx , H(B, r(B)) < l/(2"~').

(F)

If %A = C'X) or 2X , then ^ does not have nonempty open subsets which

are contractible in %A.

Suppose that there exist an open nonempty subset U of %?, a continuous

function GAx/^X,andi0eX such that G(A, 0) = A and G(A, 1) =

A0 for every A e U . Then the function K : U x I -* %A given by K(A, t) =

[j{G(A, s) : 0 < s < t) is continuous [4, Lemma 16.3]. Let a: [1/2, 1] -> %A

be a continuous function such that a(l/2) = A0, a(l) = X and a(s) c a(t)

if s < t. Choose « G N such that U nlBn ¿ 0. Let y = C„ U £>„ U aB,

ßfQ = 2y n MA , and 1^ = 17 n ^ . Fix B e W c\ lBn . Define F : W x I -» ^

by:
, ír^ií.a)) if0<í<l/2,

l r^Ä"^, l)Ua(O)    if 1/2 <?< 1,

where r{ is the retraction defined in (B) and /^(Z) means the image of Z

under r. Properties of B, W, and F contradict property (D), and the

contradiction completes the proof of (F).

Added in proof. The question answered in this paper has also been answered

by Hisao Kato, On local contractibility at X in hyperspaces C(X) and 2 ,

Houston J. Math. 15 (1989), 363-370.
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