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Abstract: This article introduces the theory of spacetime impetus (SI). The theory unites
Newtonian theory (NT) and the theory of general relativity (GR). To develop SI, we reformulated
NT in spacetime and replaced the particle primitive in NT with the fragment of energy primitive in
field theory. SI replaces Newton’s second law F' = ma governing the motion of particles, where F,
m, and a are, respectively, interaction force, mass, and acceleration, with the change equation P =k
governing the motion of fragments of energy, where P and k are, respectively, action force and the
curvature of a path in spacetime. To verify SI, we conducted three tests: Test 1 predicted the
precession angles of Mercury and Jupiter, test 2 predicted the bending angle of light as it grazes the
surface of the sun, and test 3 predicted the radius of the photon sphere. All three tests were in
agreement with GR, the third corresponding to strong Riemannian curvature in GR. The equations
of motion in SI are in terms of Cartesian coordinates and time and are relatively simple to solve.
Undergraduate students in science and engineering and others with similar mathematical skills can
validate the results for themselves. © 2021 Physics Essays Publication.
[http://dx.doi.org/10.4006/0836-1398-34.4.548]

Résumé: Cet article introduit une théorie de I’impetus de 1’espace-temps (IET). Cette theorie unifie
la Théorie Newtonienne (TN) et la Théorie de la Relativité Générale (TRG) Pour développer cette
théorie, nous reformulons la TN dans 1’espace-temps et remplacons la particule primitive décrite
par la TN par le fragment d’énergie primitive décrit par la théorie des champs. Dans cette théorie
de I’IET, on remplace la seconde loi de Newton F = ma qui régit le mouvement des particules, ou
F, m, et a sont respectivement une force d’interaction, une masse et une accélération, par 1’équation
du changement P = k qui gouverne le mouvement de fragments d’énergie, ou P et k sont respective-
ment une force d’action et la courbure d’un trajet dans 1’espace-temps. Afin de vérifier cette théorie
de I'IET, nous avons effectué trois tests: Le Test 1 a permis de prédire les angles de précession de
Mercure et de Jupiter, le test 2 a permis de prédire 1’angle de courbure de la lumiére lorsqu’elle
frole la surface du Soleil, le test 3 a permis de prédire le rayon d’une sphere de photons. Les
résultats des trois tests sont en accord avec la TRG, le troisiéme correspondant a une forte courbure
Riemannienne. Les équations du mouvement dans la théorie de I’'IET sont exprimées en fonction
de coordonnées Cartésiennes et du temps, et sont assez simples a résoudre. Un étudiant de premier
cycle en sciences ou en école d’ingénieur, ou avec des compétences mathématiques similaires,
pourra effectuer les calculs de validation soi-méme.

Key words: Bending of Light; Black Hole; Fragment of Energy; General Relativity; Impetus; Newtonian Theory; Photon
Sphere; Spacetime.

I. INTRODUCTION

Impetus expresses the principle that the change in the
state of a primitive results from other primitives, not from
itself. In Newtonian theory (NT) and in electromagnetism
(EM), the primitives are the particle and the wave. In field
theory (FT), the primitive is the fragment of energy.' This
article introduces a new theory of spacetime impetus (SI)
that employs the fragment of energy primitive. The develop-
ment proceeds as follows. Sections II-1V lay the foundation.
Section II shows that the radial form of the fragment of
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energy leads mathematically to relationships between frag-
ments. The relationships show that impetus is naturally a
field concept, not a particle concept. Section III reviews
spacetime and focuses on limiting conditions that are natural
to spacetime that arise when the speed of a fragment
approaches zero at one extreme and the speed of light at the
other. Section IV applies these ideas to the two-body prob-
lem. Section V develops SI. We show that SI is an axiomati-
cally developed mathematical structure that reformulates NT
as a FT. Section VI applies the before mentioned limiting
conditions to the fragment of energy. Section VII presents
empirical results that validate SI. Specifically, we show, with
the limiting conditions, that SI predicts the same precession
angles of Mercury and Jupiter, the same bending angle of
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light, and the same photon sphere radius that the theory of
general relativity (GR) predicts. Test 3 is of particular note,
because it exposes that one does not need to think of the
black hole as a general relativistic phenomenon—associated
with the bending of spacetime. Section VIII provides some
historical context and conceptual results. Specifically, it
compares the classical formulation of impetus in NT with
the new formulation in spacetime, explaining how SI advan-
ces the classical formulation, and for completeness explains
how it answers conceptual questions that were unanswered
by NT. Section IX summarizes the article.

Il. FRAGMENTS OF ENERGY

In FT, physical analysis deals with the interaction
between the different parts of a field and physical synthesis
with the recombining of those parts into a whole. Mathemati-
cally, the parts and the whole are scalar or vector functions
of space and of spacetime. The parts are building blocks for
the whole, also called primitives—applicable at different
scales of interest. They are not to be confused with elements,
which possess a particular structure that applies to a particu-
lar scale. One refers to the primitives and to the whole as
energy fields or as energy.

This section of the article examines primitives that have
a radial form and develops mathematical relationships
between them. For simplicity, we shall use light units, for
which the speed of light is equal to 1, and for which we
denote the nondimensional spatial coordinates of a point by
X1, Xo, and x3. We start with primitives a and b. They are con-
centrations of energy, which have a radial form—that is,
fragments of energy.' The two fragments have source points
located at (xu1,%4,2,Xs3) and  (xp1,Xp,Xp3), TEspectively.
From their source points, they extend radially outward into
space (see Fig. 1). As shown, the fragments have unit vectors
(eq1€q2 eq3) and (eprepy ep3) corresponding to the directions
of their motion in spacetime, and they have path curvature
vectors (kqikaz,kq3) and (kpikp, kp3) corresponding to the
change in direction of their motion in spacetime, but we will
not say more about them until Section III; focusing here on
spatial considerations alone. We express the fragments math-
ematically by

AgEmau(ry),  ApEmpu(ry). (1)

In Eq. (1), m, is the nondimensional mass of fragment a,
and 7,2 \/(xl — x,“)2 + (2 — xag)2 + (3 — xa3)2 is the

nondimensional spatial distance between any point in space
and its source point. Likewise, for fragment b, we have m,,

and r, £ \/(x] fxbl)z + (x2 th2)2+ (3 fx1,3)2 . We shall
refer to u(r,) and u(ry) as unit fragments. One regards the
masses m, and m, as the intensities of the fragments. Note
that, throughout the article, we employ lower case symbols
for geometric quantities and their derivatives and upper case
symbols for quantities that depend on mass, too.

At this point, the formulation is general. The unit
fragments are merely radial functions, and their radial
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FIG. 1. A two-body system of fragments.

TABLEI. Relationships between fragments of energy.

Radial functions

ra|h = rb‘u érab

Orq Xy — Xgg Or, Xy — Xag
Ox; Iy Oxgs Ta
Ory _ Org ory Orq
Ox; Ox g ox; |, T Ox b

Unit fragments of energy

u(ra)l, = u(rs)l, du(ry) | du(ry)
di‘a b dl‘h a
Fragments of energy
maAp|, = mpAdl,

0A, du(ry) Or, 0A, du(rq) Org
; = Mg A a. — Mg A
Ox; dr, Oxy Oxas dry  Oxgs

0A,  0A,

Oxy  Oxgs

form is unspecified. Despite the generality, one can
already see that interesting relationships arise. For exam-
ple, one sees that m,A,|, = mpA,|, because ry|, = rp|,.
(The notation ()|, means evaluated at the source point of
fragment a.) Table I lists more relationships.

The relationships between the fragments of energy in
Table I motivate the naming of quantities in Table II with
the term action and interaction, where we appropriated these
terms from the philosophy of science community.®) Table II
defines the named quantities and shows additional relation-
ships deduced from Table I.

Line 1 in Table II defines P,; and P, as action forces
that act on fragments a and b, respectively, and deduces rela-
tionships between them in line 4. In line 5, we refer to F;
and F,, as interaction forces and deduce the relationships
between them in line 6. Line 7 defines Q,, and Q,, as action
moments, respectively, and deduces relationships between
them in line 8. Line 9 defines M, and M,, as interaction
moments and deduces relationships between them in line 10.
As shown, one takes the moments about an arbitrary spatial
point (xo1, Xo2, X03), and the triad (7, s, t) is a right-handed set
of distinct indices.

9Action-based theories of perception (2015) https://plato.stanford.edu/
entries/action-perception/
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TABLEII. Action and interaction.
Action forces
1 OA, 0Aq
Py 2 3){2 ., = Ga(xbs — Xas) Py & o, |, = _Gb(xhs — Xas)
2 Gaédu(rh) my Ghédu(ra) my
d"b alab drq pTab
3 m,G, + mpGp, =0
4 maPas +thhs =0
Interaction forces
5 Fas émapas Fbs émbes
6 Fos+Fps =0
Action moments
Qal 2 (xa/‘ - xOr)Pas - (xa: - -XOX)PGI‘ =0 th‘é (xh/‘ 7X0/‘)Pbs - (xhs - XOS)Ph/‘ =0
maQa! + thht =0
Interaction moments
9 Mal émaQal Mb/ & meb/
10 My +My =0
~ From Table II, we see in line 1 that forces act along the ds\ > Ao\ (do\ (da)’
line through the source points of the fragments, in line 6 that a) 1 - ) " \ar) T \Car
interaction forces are equal in magnitude and opposite in dx
direction, and in line 10 that interaction moments are equal =1- vf — v% — v% =1- v, = d_t)
in magnitude and opposite in direction, too. One skilled in
. . A dx, dt
the art understands that one can extend these relationships e = e d—v,. =pv., (r=12,3)
from the single pair of fragments of energy given in Eq. (1) c}i s |
to a discrete system of n fragments of energy, and further to BLegt — = —,
a distributed system of fragments (see Appendix B). More- ds (1—v?2)

over, the existence of these field relationships, which rest
solely on Eq. (1) without specifying the forms of the radial
functions, strongly suggests that impetus is a field concept,
not a particle concept as classically believed, and that one
might be able to reformulate the classical conception of
impetus so that it becomes fully consistent with FT.

lll. SPACETIME

In FT and in SI, in particular, the field acts over a space-
time domain, not a spatial domain. For simplicity, we shall
continue to use light units. The coordinates of a point in the
domain are ¢, xy, X, and x3_ where ¢ is the nondimensional
time and the others, as before, are nondimensional spatial
coordinates. The point is along an arbitrary spacetime path.
In this article, it will correspond to the source point of a frag-
ment. The square of the spacetime metric ds associated with
the spacetime path of the point is

ds*£dr* — dv — dx; — dx. 2)

Appendix A gives the spacetime operations, based on
Eq. (2), for the scalar product and for perpendiculars. In
Eq. (2), dt, dx,, dx,, and dx; are coordinate increments.
Dividing the metric by the time increment df and the coordi-
nates by the path increment ds

3

In Eq. (3), e, (r=0, 1, 2, and 3) are the components of
the unit tangent to the spacetime path (see Fig. 1). Above,
we expressed them in terms of their velocity components vy,
v, and v3, and their magnitude v. Next, let us calculate

dp dtdf 1 Vedy v

ds dsdr (1) (1232 (1-02)
_dv,

a=—

where a, (r=1, 2, and 3) are acceleration components. (We
sum repeated indices from 1 to 3.) From this expression and
Eq. (3), we define the path curvature components by

_dp

ade, d dv, dp

- = )= —V.. —_— ), 2,
" ds ds(ﬁv') dsv'+ﬁds dsv'+ﬁa'
e (=129

—y
1
B
-y

“)

where 6, is the Kronecker-delta function.> The term path
curvature for the components in Eq. (4) comes from the
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mathematics community' and is not to be confused with the
term Riemannian curvature used in GR. The term path cur-
vature used here is the path derivative of the unit vector tan-
gent to the spacetime path, which is perpendicular to the
spacetime path. It corresponds to the level at which a space-
time path bends, whereas Riemannian curvature corresponds
to the curvature of spacetime itself. When reading further,
you will find that the curvature of a path in spacetime sup-
plants the acceleration of a path in space that one employs in
classical physics. Equation (4) establishes the important con-
nection between spacetime path curvature and spatial
acceleration.

A. Limiting behaviors

Below, we focus on the limiting behaviors of speed
approaching 0 and 1. We start by rewriting Eq. (4) as

1
(1-12)°
Ors (rys=1,2,3). (5)

A
kr = Arsasy Ar's = ViVs

1

+1—v2

In Eq. (5), A,s governs the transformation from accelera-
tion to path curvature. It also follows that the inverse trans-
formation from path curvature to acceleration and its
solution are

a, = Bysky, B, 2(1— vz)(—v,.vs + 0,5) (r,s =1,2,3).

(6)

Figure 2 gives a geometric interpretation of Eq. (6). As
shown, the acceleration becomes perpendicular to the veloc-
ity as v approaches 1. To see this more completely, one can
decompose these transformations by inspecting their eigen-
solutions. The transformation A, is real and symmetric, so
its eigensolution is real. The orthonormal eigensolution of

the associated eigenvalue  problem Am(,‘bﬁ,") = )Lsd)ﬁ"),
(r=1,2,3), is
Vi
1 1
A :W’ ¢§]) =50 V=7 403+ 3,
—v
V3
vy
1 1
’1271 20 ¢£~2):E vi |s v =y
0
Vivs
1 1
Ja = G -
3 1— V2 ’ $ VW12 2
v

(7

We see that the first eigenvector ngl) aligns with the
velocity components and that the second and third eigenvec-

tors, (j)ﬁ” and QSE,Z), which have repeated eigenvalues, are
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FIG. 2. a(v) = <(l )k in the x;-x, plane, holding constant
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perpendicular to the velocity components. Next, expand the
acceleration components and the path curvature components
in terms of the eigensolution to get

ay | Vi
a2 | a | = by + Papta + P3p3 = S v
as V3
| —V2 Viv3
+v_ Vi Hz"‘F Vavs | Uz,
12 12
0 —v%z
ki
K& | ky | = iy + ooty + Aasps
k3
1% —V2
! Ja
=— | (m+—| 1 |
v V12
V3
B Viv3
A3
- VaVv3 M3,
iz >
I
3)
where
g =1
Wy = asp, " (a1vi + axva + azvs),
1
= asd)§2> e (—avy + axvy), &)
1
1
Uz = axqﬁf) =— (a1v1V3 + aryov3 — a3v%2).
iz

Let us now examine the limiting behaviors at the two
extremes of v approaching 0 and 1, wherein we assume that
v, and a, are finite. First, when v approaches 0, it follows
from Egs. (3) and (4) that e, converges to v, and
that &, converges to a,. Indeed, spacetime geometry con-
verges to ordinary geometry when v approaches 0, as
expected. Next, consider Egs. (3) and (4) when v approaches
1. At this extreme, e, and k, become unbounded because of
the 1 —v? terms in the denominators. To examine more
closely this limiting behavior, consider Eqgs. (8) and (9).
First, notice that the coefficients p,, i,, and u; in Eq. (9)
must be finite, assuming that the acceleration components
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are finite. Next, consider the possibility that k. is on the
order of 1/(1 —v?), written as k, ~ 1/(1 —v?). When this
is the case, it follows from Eq. (8) that u;~(1 —v?). The
acceleration components become perpendicular to the veloc-
ity components, and the speed v becomes a terminal speed as
v approaches 1. Under this curvature condition, the space-
time path can still bend because the components of accelera-
tion are perpendicular to the components of velocity. We
will impose this curvature condition later, when developing
a specific form of the unit fragment of energy that conforms
to physical behavior at the speed of light.

IV. THE TWO-BODY PROBLEM

Assume that one measures time and spatial quantities in
an inertial frame, and that one does not measure them in any
other frames. When employing the inertial frame, the time
increments of the moving centers of the two previously con-
sidered fragments are the same. Table III shows for the two-
body problem how their treatments differ when employing
ordinary geometry and spacetime geometry. As shown,
Table III indicates the differences in the treatments of
increments, time variables, differentiation, and integration.
Table IV describes the two-body problem when employing

TABLE III.
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spacetime geometry and Table V when employing ordinary
geometry. For those less familiar with spacetime geometry,
an unusual and telling difference between the treatments
rests in the expressions for the mass center c¢. For example,
compare the spatial components of the mass center and the
velocity components of the mass center in ordinary geometry
(lines 1 and 2 in Table V) with the corresponding compo-
nents in spacetime geometry (lines 1 and 2 in Table V)

>

/ /
—— (myx,  +mpx,
ma+mb ( as bé)’

>

(mav,+ ), (10)

mgy+nmy,
/A

! /
cs Ma+my, (maeas + mbehs)'

e

As shown, the spatial components of the mass center in
ordinary geometry are the same as in spacetime geometry,
but the spatial components of the velocity components of the
mass center and of the unit vector components in spacetime
geometry differ. When employing ordinary geometry, one
differentiates in time the spatial components of the mass cen-
ter to obtain the velocity components. The time increment
for both fragments is the same. However, when employing

The time variable in ordinary geometry and the time variable in spacetime geometry.

Ordinary geometry

Spacetime geometry

Increment The time increment dt is the same for a and for b

Time variable Independent variable
dxa/' dxbr'
dr 7 dt

Integrate over time

Differentiation

Integration

The path increments dsa and dsb are different for a and for b
Geometric coordinate, satisfies metric condition
dx,  dt dx, dxp,  dt dx,
ds, ds, dr ' ds, ds, dr
Integrate over spacetime path

TABLEIV. The two-body problem in spacetime geometry.

Spacetime geometry (s =1, 2, and 3)

1 /
Xes

>

(MaX,,+mpx;,,)

A /
Xabs = Xpg — Xas

mg+ny,
2 1 eas e, — e,
€y & ———— (my€+mye),) abs = €ps — Cas
ma""”’h k
3 a kaps 21 — Kas
kes & (muk;§+mbk},s) abs bs as
mg+nyp
Point a Point b Point ¢
A mp Mg =Xy — Xy =
4 x,\' 7XX -X('S 'XIII = — —'XﬂbS th = —xahs ‘XCI x(S x(I 0
mg+my, ng+m,
AL mp Mg =l — O =
3 € =6 Ces Cas =~ Cabs €Cps = abs Ces Ces Ces 0
mgy+my, my+m
A mp Mg =k — k.. =
6 ks _k‘y k““ ka.\' = - kah.\' kb.& = abs k‘ s km k(‘“ 0
mg+my, Mmy+my,
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TABLE V. The two-body problem in ordinary geometry.

Ordinary geometry (s =1, 2, and 3)
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1 rA 1 / Y 2 —X
bs =X Xas
Xes = (MaX g +mpX,) AT by T
mg+my,
2 A Vaps 2V, — V),
V’cs A (mav; N +mbvl}, x) abs bs as
mg+my,
3 N , Aups 2 d, . — djg
es = ————— (MaQyg+mpd ) abs = dps — das
my+my,
Point a Point b Point ¢
' '
4 X éx,\ - XZ.\' J— my — L - Xeg = Xeg — Xes = 0
* Xas = Xabs Xps = Xabs
Mg~+my, Mg+my
é ! — J mb 'na = ,‘ —_ 7/. =
3 Vs =Vs Ves Vas = — Vabs Vbs = Vabs Ves Ves Ves 0
mg-+nmy, mg+my,
6 L 4 _ mp g a.=d.—d.=0
ds =ds des dgs = — Aabs Aps = abs s o o
mg+my, mg+my,

spacetime geometry, the differentiations are along spacetime
path increments and they differ, even though their time
increments are the same. To see this more clearly in the
expressions above, let us write explicitly the differentiations

dx, 1 dx! dx),
Lé <ma 2;43 +mbﬁ>7

dr  my+my,
dLﬁ's s 1 - dxl . dxi
ds.  mg+mp \  ds, dsp )’

(1L

In spacetime, the path differentiation of the mass center
(the left side) and the sum of the path differentiations of the
individual fragments (the right side) are different. The con-
cepts of mass and of mass center lose their meaning as the
speed of a fragment approaches the speed of light. In space-
time geometry, the concept of mass center possesses a mass
center speed limitation.?

We began in lines 1-3 of Tables IV and V with primed
coordinates, upon which we imposed no prior assumptions,
and defined the relative positions of the mass centers of the
fragments and of their first two derivatives. In lines 46, we
set up translated coordinates relative to the mass center.
These are the coordinates of the inertial frame. Notice that
the translation does not rotate the original frame of reference.
This is important to recognize because, in physical problems,
one obtains different results with frames of reference that are
rotating differently relative to the fixed stars.

Finally, let us define in Table VI the linear momentum
of each fragment and of the two-body system, the angular
rate of each fragment, and the angular momentum of each
fragment and of the two-body system.

The angular rate components /4, and 4, in line 3 are the
“rotational” counterparts to the unit vector components e,
and e, in line 5 of Table IV. One says that the angular rate
components and the angular momentum components are
about the spatial point (xo1,X02,X03)-

V. THEORY OF SI

The field concept, as it applies to fragments of energy
described in Section II, the limiting behavior of spacetime

described in Section III, and the two-body problem in
Section IV, provide a mathematical foundation for the devel-
opment of SI. In words, the spacetime concept of impetus
equates the change in the spacetime path that one fragment
of energy undergoes to the change that it experiences from
other fragments of energy. In the two fragments under con-
sideration, dA,| , Tepresents mathematically the incremental
change that fragment b “experiences” due to fragment a,
and dA,|, represents mathematically the incremental change
that fragment a experiences due to fragment b. Invoking this
principle in each “coordinate direction”

Py = kam Ppy = kbsa (S = 1727 3) (12)

We shall refer to Eq. (12) as the spacetime change equa-
tions. Also, let us now understand better what we mean by
“experiencing” a change and by “coordinate direction”. To
that end, we recognize that each fragment is a function of the
spacetime coordinates of any point in the inertial frame as
well as the spacetime coordinates in the inertial frame of its
source point. From the bottom line in Table I, the incremen-

tal changes of fragments @ and b are

OA OA OA,

dA, = —dxg + —"dxus = —— (dxy — dxgs),
Oxg OxXys Ox; (13)
0Ap 0Ap 0Ap
dAp = L dxs + 2 dxps = =2 (dxy — dxp
Oxg 0 Oxps  Oxg (dx, ),
TABLE VI. Linear momentum, angular rate, and angular momentum.
Linear momentum
1 Lar éWlaeah Lln‘ é’Inhebr
2 Lr éLar + Lbr

Angular rate

3 har £ (xar - XOI')e(l.Y - (xu.s' - x()s)eara hhr £ (th - x()r)ebx - (xbs - XO.\')ebr

Angular momentum
4 Hat érnahah Hhr é’nbhbt
5 H, éI"Iaz + Hp
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where, again, we sum over s from 1 to 3. From Eq. (13), line
1 in Table II, and Eq. (12)

Y (dxbs - dxas) )

dAa :Psd x_das :kA
|b b ( Xb, X ) b (14)
= ks (dxas - dxhs)'

dAb|a = Pas(dxas - dxhs)

First, consider that we mean for an experience of an
incremental change by one fragment to refer to an evaluation
of an incremental change of another fragment of energy at
the source point of the one fragment of energy. Furthermore,
the incremental change is a sum across spatial coordinates;
we mean for coordinate directions to refer to the terms in the
sum in Eq. (14). Let us now examine Eq. (14) more closely
to appreciate better the implied relationships expressed in
the change equations. First, notice if k5; = 0 then dA,|, = 0.
In words, fragment b does not experience an incremental
change dA,|, from fragment a when fragment b is moving
along a straight spacetime path, which corresponds to motion
that is constant in speed and direction. Likewise, fragment a
does not experience an incremental change dA,|, from
fragment b when fragment a is moving along a straight
spacetime  path. Next, consider the possibility
that dxps — dx,s = 0. When this occurs, the incremental
change dA,|, is zero, too. In words, fragment b does not
experience a change dA,|, when its path increment relative
to fragment «a is equal to zero. This occurs when the forces
P, and Pj, between the fragments prevent a relative change
from occurring. Similarly, fragment a does not experience a
change dAp|, when its path increment relative to fragment b
is equal to zero. Finally, consider the converse. When dA,|,
is equal to zero, either kp; = 0 or dxp; — dx,s = 0. In the first
case, Pp; = 0, and in the second case, a force acts on frag-
ment b to maintain the condition that there is no relative
change in the path increment. When dA,|, is equal to zero,
we get the corresponding result. In short, one fragment does
not experience an incremental change from the other frag-
ment when and only when its absolute path curvature is zero
or when its path increment relative to the other is zero.

Pertaining to linear momentum and angular momentum
about a stationary point (ep, = 0,7 = 1,2, 3), we obtain the
following from the change equations, Table II and Table VI:

dL, . dLy dLy,
= = Mgk kpr = mgPq, Py =0

ds ds, dsp " T+ Mpkr =M + M,

dH, ; dHy _ dH,

ds  ds, dsp

=my ((xar - xOr)kas - (xas - x()s)kar)
+ mpy ((Xpr — Xor)Kps — (Xbs — Xos )Kpr )
- (-Xas - xOs)Par')

+ mp, ((Xbr — Xor)Pbs — (Xbs — Xos)Ppr) =0,

=my ((xar - xOr)Pas

that is,

dL,

ds ’
(15)
", _

0.
ds
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In words, Eq. (15) expresses that the linear momentum
of the two-body system and the angular momentum of the
two-body problem about a stationary point are invariants
(see Appendix B for the extension of these results to n-body
systems).

Per these developments, SI sets up a mathematical struc-
ture for the interaction between fragments of energy in
spacetime. It began with Eq. (1), from which we deduced the
field results given in Table I and Table II. Next, it employed
the spacetime framework set up in Eq. (2), from which we
obtained mathematical expressions for e, and k, in Egs. (3)
and (4), and the spacetime geometry in Table IV. Then, Eq.
(12) expressed mathematically a new interpretation of impe-
tus as spacetime change equations. From this mathematical
structure, we defined action forces and moments, interaction
force and moments, linear momentum, angular momentum,
and showed in Eq. (15) that the linear momentum and angu-
lar momentum defined in Table VI are invariants. Finally,
again, we point out amazingly that the mathematical struc-
ture on which SI rests, leaves the radial dependence of the
unit fragments unspecified.

VI. LIMITING CONDITION AT THE SPEED OF LIGHT

Next, we will develop a specific expression for a frag-
ment of energy that conforms to physical behavior at the
speed of light. A simple version of that expression was first
introduced in Ref. 1, where it was shown to result in predict-
ing the same precession of Mercury as GR predicts, and in
predicting the same bending of light as it grazes the sun as
GR predicts. That work considered both ordinary geometry
and spacetime geometry and showed, when employing that
fragment in spacetime, that the corresponding predictions
agree with GR (see Tables IV and VI in Ref. 1). In that
work, we applied the fragment to one-body problems. We
had not yet examined two-body spacetime effects, and we
had not thoroughly justified the use of the fragment. Indeed,
in Ref. 1, we left open the question whether there was a logi-
cal basis for the fragment that is independent of GR. In this
section, we answer that question in the affirmative by devel-
oping the fragment without invoking GR. Then, in Section
VII, we will test the resulting behavior on benchmark two-
body problems.

The reasoning in SI that leads to a specific fragment that
conforms with light behavior begins with the rationale
behind unit fragments of energy of the form

1 1
u(rq) —E, u(i‘b)é—a. (16)

[I>

As proven in Appendix D of Ref. 1, the form given in
Eq. (16) is unique up to a multiplicative constant because the
radial power of minus one is the only power for which the
stationary fragment satisfies vector continuity (colloquially,
it flows®)). When employing this specific form, one obtains
precisely the gravitational potential of a stationary body in
NT modeled as a point mass and its corresponding

DR. Puyana (2021), “Our Flowing Universe,” (video) https://www.youtube.
com/watch?v=0cBqtaGdUnl
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gravitational force. Next, we consider the case of a moving
fragment with a particular interest in motion that approaches
the speed of light. From the mathematics of spacetime, we
now understand that the interest lies in satisfying the curvature
condition, that is, in path curvature converging to the order of
the reciprocal of 1 —v* (k. ~ 1/(1 —v?)) when v approaches
1. Therefore, we seek fragments of energy of the form

1

u(rg) 2 —ff(ra) u(ro) & = (1), an

in which f(r) is a function that has the limiting
properties

as v approaches 0,
(18)

as v approaches 1.
1—2

Note that v in Eq. (18) can correspond to v,, v, or to the
speed v in the one-body problem. In Eq. (18), the intent is
for the gravitational form in NT to continue to satisfy vector
continuity when v = 0, and for the correct limiting proper-
ties to be satisfied as v approaches 1.

The immediate goal here is to find a fragment that is a
radial function without it containing an explicit function of
the speed v. Of course, if such a radial form exists, it follows
that there must be some relationship between the distance r
and the speed v that one can use to eliminate the speed v in
Eq. (18). Such invariants as linear momentum, angular
momentum, and energy are obvious candidates. Further-
more, we sought a reference case that would expose that
radially dependent relationship and found it when examining
angular momentum under circular motion. Under circular
motion, the total angular momentum is H = H,3 + Hps
= IyMg€q9 + I'pMpepy = T'aplieq, in which ey = ﬁ
and u= % The radially dependent dimensionless rela-
tionship is

L, (H 21
11— w) r3’

From Eq. (17), the specified radial forms of the unit frag-
ments of energy that satisfy the desired limiting conditions
are the fields

1 H\? 1
M(ra)é_a <1+<_,Lt) r_z )

L1 H\? 1
u(rb)z—a 1+ _,Ll g

Equation (19) expresses the sought after specific forms
of the two fragments.

As one would expect, the specific fragment developed
above does not predict the behavior that would result from
an anisotropic source, such as from a spinning source. That
behavior would require a different fragment—one that is
determined by imposing different limiting conditions. How-
ever, regardless of the type of source, the process that one
follows to determine the form of a fragment of energy should

19)
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be the same as the one followed above. One first expresses a
limiting condition in terms of a speed v, then one identifies a
reference case that matches the desired behavior, and finally
one determines the desired form of the fragment. Finally, note
that the process that one follows in SI of determining a frag-
ment of energy for a particular type of source is analogous to
the process that one follows in GR of determining the elements
g5 of a metric tensor for a particular type of source. In both
approaches, one imposes limiting conditions that correspond to
a reference case(s) that produces a desired behavior. The major
difference is that the goal in SI is to correctly bend light
whereas the goal in GR is to correctly bend spacetime itself.
Tables VII gives the governing equations of motion for
the two-body problems. Notice in Table VII that we
expressed the acceleration components in nonexpanded and
expanded forms. The expanded form distinguishes between
powers of 1 —1? to highlight which terms are present when
v=0, when v=1, and in between. As shown, we expressed
the acceleration components in the expanded form as the
sum of three terms surrounded by braces { }. The direction of
the first term is along the line between the two fragments.
The directions of the second and third terms are perpendicu-
lar to the motion of the fragment. When v =0, the first term

TABLE VIIL
units.

Governing equations for the two-body problems in light

Acceleration components of fragment a
2
32 —Va —ValVa2 kal
1 Va |:7Valva2 - ng :| <k02>
H\* 1\ 1 Xb1 — Xal
(ab { -2 _Vhlvh2:| <kb1>
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dominates over the second two, and when v approaches 1,
the first and second terms approach zero leaving the third
term to dominate.

VIl. THREE EMPIRICAL TESTS

SI is logically true under the assumptions of Eq. (1), the
mathematical structure of spacetime, and the spacetime
change equation, Eq. (12). One does not need to verify this.
However, the question that requires empirical testing is the
degree to which SI, together with the specific form of the
fragment of energy given in Eq. (19), is capable of agreeing
with reality. To validate SI, we challenged it with three
empirical tests. The tests corresponded to different physical
environments that one might loosely characterize as mechan-
ical and light and as low-curvature and high-curvature. The
low-curvature mechanical environment is the one to which
NT already applies, and SI converges to NT in that environ-
ment, so one does not need to test that environment. This
leaves us with the three before mentioned empirical tests.
The first test is of the high-curvature mechanical environ-
ment. For this test, we sought to predict the anomalous pre-
cessions of Mercury and of Jupiter. Originally, scientists
verified GR, in part, by predicting the precession of Mercury,
too. Therefore, the goal in this test was to match our predic-
tions with those of GR. The second and third tests are of the
low-curvature and high-curvature light environments,
respectively. For the second test, we sought to predict the
bending of light when it grazes the sun. Again, the original
verification of GR employed this test. Therefore, again, the
goal was to match our predictions with those of GR. For the
third test, we sought to determine the radius of the photon
sphere—the critical radius outside of which a photon escapes
the pull of a fragment of energy and inside which the frag-
ment captures the photon. NT and the theory of special rela-
tivity do not predict the existence of photon spheres, only
GR did. Furthermore, unlike in test 1 and in test 2, in GR
one refers to the gravitational field in test 3 as “strong,” cor-
responding to high Riemannian curvature. Also, it was natu-
ral to think of the black hole as a general relativistic
phenomenon. Therefore, one would regard whether SI pre-
dicts the existence of a photon sphere to be particularly
important, because it challenges that assumption. Further-
more, GR predicts that the radius of the photon sphere is
equal to three-halves times the Schwarzschild radius.* There-
fore, it was also of interest to determine whether our predic-
tions agree with that result. Finally, note the three tests
assess the physical behavior of bodies, but not some aberra-
tions that result from observing them from afar. Furthermore,
there is the possibility that one could find that some of SI’s

TABLE VIIL
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predictions differ from those obtained in GR. Additional
tests, not considered in this article, will shed additional
insight into SI’s predictive capabilities. We leave tests such
as those and others for the future.

Tables VIII and IX give the conversion constants
between light units and conventional units. Beginning in this
section, we switch the expressions of many of the quantities
from light units to conventional units. Tables VIII and IX
underline the quantities that are in conventional units. After
that, we forgo distinguishing between light units and conven-
tional units by underlining quantities. Table X repeats Table
VII but now gives the governing equations in conventional
units. Table XI lists the physical constants used in both prob-
lems. The constants are the same as those used in Ref. 1.

In the tests of the two-body models, the systems are pla-
nar, a body orbits the sun, and the sun orbits the body in the
absence of external effects. We modeled the orbiting sun as
fragment @ and the other orbiting body as fragment b. In the
bending of light tests, fragment b is massless (a photon). We
determined all of the trajectories by numerical integration
following the numerical approach adopted in Ref. 1. Toward
matching the two-body problem results obtained here with
the one-body results in Ref. 1, we started with the initial
position 7, and the initial velocity v, from the one-body
problem and determined the corresponding initial conditions
in the two-body problem. The state variables in the two-body
problems are

X1 = Xal, X2 =Xq2, X3 =Vq1, X4=Va2,

X5 = Xpl,

X6 = Xp2, X7 =Vp1, and xg = vpy.

The initial conditions were set at the perihelion of the
orbits

X0 ="rgp, X0=0, x30=0, X40="Vgp, X50=7Tpp,
X60 =0, x70 =0, and xgo = vy,
where
rop = —2r 1 p=—T
= -
p w7 P
_ Hvp
Vap =
()
m\l—==]+ 2 (20)
wvp
V;,p =

Conversions of selected quantities between light units and conventional units.

Multiply from light unit to get conventional unit. Divide from conventional unit to get light unit. L is characteristic length.
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TABLEIX. Conversions of selected equations between light units and conventional units.

Light units Conventional units
A =mu A =mcu
0A 9A
P=— P=—_—
Oox - Ox
dL dL
F=mP=— F=mc’P =c—=
" ds L=mel =¢ ds
Q = (X,- - xOr)Ps - (xa.\' - XO.\‘)PI' Q = (E,, - K(”_)BS — (Jxl\_ — ’XO.\')£1'
L, éI’l’lt?,- Lr émgrc
dH dH
M = = — M = = c—
mQ i mQ = ds
Hy&mby = m((x; = Xor)es = (Xas — Xos)er) H, 2mh, =m((x, —xo)es — (x, — xp,)e, )

ds*&dP — dx? — dx} — dx}

1
e 2vf, pL(1-12)2

4 = ByuPy By = (1 — ) (—vyvs + 605)

Table XII contains the results from test 1, test 2, and
test 3.

A. Test 1: Mechanical, high-curvature

The analytically determined precession from GR is

op = % =5.047 x 10" rad/orbit = 43.2 arc sec/

century for Mercury' and 3.607 x 10~® rad/orbit = 0.063
arc sec/century for Jupiter.”) To verify these results, we
numerically integrated the two-body accelerations to obtain
the pair of trajectories for a little more than one orbit. As
shown in Fig. 3, the origin of the coordinates of the
Mercury-sun system is located at its mass center. Initially,
both Mercury and the sun were in their perihelion positions.
We determined the precise locations of the next perihelion
by looking for a sign change in dr,/dt and dr,/dt and then
numerically calculated ¢, = x,/ry, and 0y, = x; /1.
Figure 4 shows the calculation of the precession angle of
Mercury for the Mercury-sun system. The same steps were
performed for the Jupiter-sun system, not shown.

Table XII presents the numerical results of test 1. Line 1
gives the precession angles for the Mercury-sun system and
for the Jupiter-sun system predicted by NT when modeled as
two-body systems and, from Ref. 1, in line 2 when modeled
as one-body systems. As shown, NT predicts no precession
in all of the cases. Line 3 gives the precession angles pre-
dicted by SI when modeled as two-body systems, and line 4
gives the precession angles predicted by GR, which is the
standard against which the test assesses SI. As shown, GR
models the Mercury-sun system and the Jupiter-sun system

“David R. Williams (2020), “Jupiter Fact Sheet,” NASA Goddard Space
Flight Center https://nssdc.gsfc.nasa.gov/planetary/factsheet/jupiterfact.html

as one-body systems. One also sees that the precession angle
of Mercury predicted by two-body SI agrees with the GR
prediction to three decimal places. The precession angle of
Jupiter predicted by two-body SI is 3.592 x 10~ ®rad/orbit
and by GR is 3.607 x 10~® rad/orbit, so they differ in the
second decimal. Although the error is very small, we
expected to see some error due to the mass center speed limi-
tation mentioned in Section IV, which accounts for tiny dif-
ferences between the results of a two-body model and a one-
body model, recalling that the GR result employs a one-body
model. Lines 5-8 address this difference. Line 5 shows the
precession angles for the two-body SI model without the lim-
iting condition, and line 6 takes the difference between lines
5 and 6. Line 7 shows the precession angles for the one-body
SI with the spacetime limiting condition." As shown, the differ-
ences between the two-body results and the one-body SI results
in line 6 and the one-body SI results in line 7 are in agreement
with GR to three decimal places, essentially in full agreement
with GR. Finally, as mentioned previously, the mass center
speed limitation accounts for tiny differences between the
results of a two-body model and a one-body model. When
employing one-body models, the precession angles of the sun
were equal to the precession angles of the other bodies. On the
other hand, when employing two-body models, the precession
angles of the sun differ slightly from the precession angles of
the other bodies, as shown in lines 3 and 5.

B. Test 2: Light, low-curvature

The analytically determined sun grazing bend angle of
light from GR is dy :‘iZGIM: 8.534 x 107° rad =1.760 arc sec,’

where 7, is the distance of closest approach. To verify this
result, we set the distance of closest approach to the radius R;
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of the sun. We then simulated the two-body (photon-sun)
responses two different ways. The first way, we set the mass of
the photon to be very close to zero (mp,=1x10""2) and the
speed of the photon to be a very small amount less than the
speed of light (v,=0.9999¢). We then calculated the initial
conditions from Eq. (20) and finally simulated the response of
the two-body system. The second way, we set the mass of the
photon equal to zero and the speed of the photon equal to
the speed of light. This reduced the acceleration components of
the sun to zero meaning it remained stationary. When doing
this, one would obtain a divide by zero error if numerically
integrating the equations governing the motion of the photon
without any modification of the equations. To overcome this,
one can use L’Hopital’s rule or, in this case, simply cancel
terms that go to zero, and obtain

2
ap 3Gmy, ) Vbl
=——7 Xpl———Xpp——
an r c ¢
2

21

We then calculated the initial conditions from Eq. (20), set-
ting the initial positions and initial velocities of the photon and
the sun to 7, = 0,7, =1, = R;,v, =0, and v, = c. Fig-
ure 5 shows the trajectory of the photon released from the peri-
helion position on the x; axis. Both ways of calculating the
numerical results produced the same photon trajectory and
bend angle, in agreement with GR; see line 9 of Table XII.

C. Test 3: Light, high-curvature

For the third test, we examined the full path trajectory of
a photon as it approaches a point gravitational source. Again,
we used the mass of the sun for the source. We solved the
problem two ways, first releasing the photon in the neighbor-
hood of the photon sphere (locally) and next releasing the
photon from a distance that is large compared with the radius
of the photon sphere (distant location). For a photon released
in the neighborhood of 1.5 times the Schwarzschild radius r;,
which is the photon sphere radius r = 1.5ry, the light transi-
tions from sun capture to photon escape. In this problem, we
let: my =M,m, =0,r, =1.5r;, and v, = c,where the
Schwarzschild radius is r, = zsz . The initial conditions
are r, =0,r, = 1.5r;,v, =0, and v, =c. These initial
conditions are for a stationary observer in inertial space; they
correspond to the local observer in GR. For the photon
released from a large distance away from the photon sphere,
we set up initial conditions that are equivalent to the set up
in GR, employing the impact parameter b.* In GR, one

numerically solves the differential equation

%GM 2
d¢2+ sau

where u=1/r and where r and ¢ are

spherical coordinates in the equatorial plane. For the initial
.. _ 1

conditions, we set u—= 007, and d ¢ = u-cotp

at ¢ = sin”'bu, where b is the impact parameter shown in
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Fig. 6(a). We then plotted the trajectory of the photon using
the coordinates x; = rcos¢ and x, = rsin¢ [see Fig. 6(b)].
In SI, one numerically integrates in time using the accelera-
tions given in Eq. (21). The initial conditions for the photon
released at a distance are x,; = 100r,,xp; = b (variable),

vp1 = —c, and vy = 0. Note that the numerical results
described below, wherein we released the photon from a dis-
tance equal to 1007, yields practically identical results to
those obtained by releasing the photon at infinity.

Figure 6(b) shows the full path trajectories of photons
predicted by SI and GR, where b was taken
as (1.001)3v/3%, 3v/3%, and (0.999)3V/3%. For the
intermediate value of b = 3v/3 ’7, the predicted orbit as the
photon approaches the source is circular at r = 1.5rg,in
agreement with the well-known GR result. As shown, we get

TABLE X. Governing equations for the two-body problems in conven-
tional units.

Acceleration components of fragment ¢ and fragment b
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TABLE XI. Physical constants in conventional units (Ref. 1).’
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Mercury

Jupiter

m Mass 3.3022 x 10% kg 1.898 x 10*" kg
ry Perihelion radius 4.60012 x 10" m 74.05 % 10" m
A Semimajor axis 57.91x 10°m 778.57 x 10° m
e Eccentricity of the orbit 0.20566 0.04890
v, Perihelion velocity 58.98 x 10° m/s 13.72 x 10° m/s
T Orbital period 87.969 Earth days =7 600 530 s 4333 Earth days =374 371 200 s
Sun

M Mass 1.989 x 10°° kg
R, Radius 696 000 000 m
Iy Schwarzschild radius 2970 m

Other
G Gravitational constant 6.674 x 107" m*/kg s*
c Speed of light 2.99 x 10°® m/s

TABLE XII. Numerical results of test 1, test 2, and test 3.

Precession angles of Mercury and Jupiter (rad/orbit)

Test 1 Mercury Sun Jupiter Sun
1 Two-body NT <1073 <107 <107 <1073
2 One-body NT (Ref. 1) <1073 <107 <107 <1073
3 Two-body SI with adjustment 5.047 x 1077 1.200 x 1077 3.593 x 107 1.742 x 1077
4 GR 5.047 x 1077 — 3.607 x 1078 —
5 Two-body SI no limiting condition <107"? 6.967 x 1077 —1.320x 107" 1.382x 1077
6 Two-body SI difference 5.047 x 1077 5.033 x 107 3.606 x 107 3.600 x 107
7 One-body SI with limiting condition (Ref. 1) 5.047 x 1077 — 3.606 x 1078 —
8 Error 0.000% -0.028%
Test 2 Light grazing bend angle (rad)
9 SI 8.534 x 107° GR 8.534x 107° Error 0%
Test 3 Photon sphere radius (r, = 2GM/c?)
10 SI 1.500 7 GR 1.500 7y Error 0%
a stable orbit when slightly decreasing the impact parameter that the components of acceleration are

from 3v/3 ’5 during which the source captures the photon,
and we get an unstable orbit when slightly increasing the
impact parameter from 3+/3 5. In this instance, after orbiting
the source once, the photon trajectory approaches asymptoti-
cally a straight path, never to return to the source.

This test confirms that SI predicts the existence of the
photon sphere. Also, the photon sphere’s radius is in agree-
ment with GR for the static isotropic case, which corre-
sponds to the Schwarzschild metric. Additionally, as shown
in Fig. 6(b), the spatial paths predicted by SI and the spatial
paths predicted by GR are the same (overlap). Indeed,
although not shown, the spatial paths in SI and in GR were
the same for the precession of Mercury problem in Fig. 4
and the bending of light problem in Fig. 5, too. For com-
pleteness, line 10 of Table XII records the agreement of this
photon sphere result with GR.

One can also derive analytically from SI the radius of
the photon sphere. From Table X, the GR result is
r = 1.57,=3GM/c*. From Table VII, imposing a circular
motion of constant radius r and of constant speed c,

a X . .
) = -39y P1) . We also know for circular motion
ap Xp2

)

apl o 2
ap ) T

ation, we get r = 3GM /c?, in agreement with the ST numeri-
cal results and with GR.

X .
<xbl ) Equating the components of acceler-
b2

VIIl. HISTORICAL CONTEXT AND CONCEPTUAL
IMPLICATIONS

The purpose of the empirical results was to validate that
SI is in agreement with the well-known results for the case
of a static isotropic source. This section places the develop-
ment of SI in historical context and briefly discusses concep-
tual implications.

The principle of impetus dates back to antiquity. Histori-
ans believe that ancient impetus began with Aristotle
(384-322 BC) and continued with such figures as Philoponus
(490-570), Avicenna (980-1037), Abu’l-Barakat (c.1080
—c.1164), Nur ad-Din al-Bitruji (died c. 1204), Jean Buridan
(c.1301-s.1359), and Galileo (1564—1642). Classical impetus
arose in 1687 in Mathematical Principles of Natural Philos-
ophy by Sir Isaac Newton (1643—1727). The concept of
impetus that we adopted here, consistent with FT, expressed
it in terms of fragments of energy, fields, and spacetime.
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FIG. 3. Trajectories of Mercury and the sun.

Conceptually, this article gives perhaps two principal results.
The first is that SI extends NT, previously applicable to parti-
cle problems, to problems involving both mechanical par-
ticles and light waves, and it does so in a single formulation
that stands on its own. Of course, GR was the first theory to
accomplish this, but this theory did it differently. Instead of
replacing mass and force with curved spacetime, SI
“modernized” the concept of impetus, uniting NT and GR.
The second contribution pertains to the resolution that SI
brings to conceptual questions that were paradoxical in
(unanswered by) NT, which has importance in that it contrib-
utes to our understanding of the unification of the continuum
theories (NT, EM, GR, and FT).

Pertaining to the extension of NT, we know that NT
never explicitly addressed light phenomena, which EM
addressed directly. Furthermore, historically, scientists
adopted spacetime in FT to address the electromagnetic

Sy (rad)
Mercury precession
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FIG. 4. Mercury precession angle.
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FIG.5. Bend angle of photon grazing the sun.

behavior found in EM. Therefore, one should find it natural
in the modernization of the concept of impetus that we
replaced ordinary geometry in NT with spacetime geometry
and that we transitioned from the particle concept to the field
concept. Again, the key was to replace the classical primi-
tives—the particle and the wave—with a single primitive—
the fragment of energy—to accommodate both particle and
wave processes. As Section II showed, two fragments of
energy, merely by their radial dependence, exhibit relation-
ships that one already finds in NT, making the connection of
the concept of impetus from NT to FT somewhat anticipated.

Pertaining to the resolutions that SI brings to longstand-
ing paradoxes in NT, let us first consider the primitive, next,
the confusion with mass, and finally the confusion with
force.

First, about the primitive, NT employed the concept of
the particle. The particle represented a spatial point together
with one or more properties (mass in NT plus charge in EM).
According to this view, the universe is a constellation of par-
ticles separated by a void (absence of particles). This view
led to long-standing questions about the mechanism by
which particles interact, given that the void conceptually
implies isolation. EM moved toward resolving this paradox
by employing the field concept but it did not completely
resolve the paradox, because it continued to employ the par-
ticle from NT. There was still a need for universality in the
restricted sense of concepts that cut across the continuum
theories (NT, EM, GR, and FT). In this sense, the concepts
of space, time, and energy were already universal but the
primitives were not. EM was still employing the particle
primitive that originated with NT, and its electromagnetic
wave primitive lacked a source term. The development of
the fragment of energy primitive unites NT and EM, com-
pleting the unification of space, time, and energy. In the new
view, the universe is a constellation of fragments of energy.
There is no void, and the overlap between fragments allows
one fragment to experience a change from another. The elim-
ination of the void and its replacement with an experience of
change resolves the paradox of the particle primitive in NT
and the electromagnetic wave primitive in EM.

Next, about the confusion with mass, NT set two
masses—inertial mass and gravitational mass—equal to each
other without a logical explanation. The two seemed to
exhibit seemingly contradictory behaviors. Inertial mass
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seemingly impeded acceleration (hence the word “inertial’’)
and gravitational mass resulted in bodies accelerating toward
the earth independent of mass. The paradox arose in the
unanswered question as to why the two masses are equal.
Historically, it motivated the equivalence principle, and sub-
sequently GR served as one remedy to the paradox. SI
resolves this paradox in a simpler way. SI interprets mass as
fundamentally the intensity of a fragment of energy. In SI,
one describes the concept of impetus of, say, fragment a by
the change equation P, = k, in which k,, are the path cur-
vature components of fragment a and P, are the action force
components by fragment b (in the two-body problem) that
fragment a experiences. Notice that the change equations for
fragment a depend on the mass of fragment b and not on the
mass of fragment a, because P, is from fragment b. Recall
that we deduced the interaction force acting on fragment
a from the definition of the action force acting on fragment
a (F, = m,P,), where m, is the mass on which the force
acts. If we multiply the change equation P, = k, by the
mass m,, we get F, = myk,. Finally, consider that k,. =
agr (in light units) when the motion is slow compared with
the speed of light. This yields Newton’s second law (law of
inertia) F, = mya,. Both the gravitational mass and the
inertial mass originate from the intensity of a fragment.
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FIG. 6. (a) Setup of photon trajectory problems for GR and SI. (b)
Photon trajectories reaching the neighborhood of the photon sphere for SI
and GR.
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One now sees too that Newton’s second law—the law of
inertia—creates the illusion that the acceleration components
a,r of body a are inversely proportional to its mass, serving
to impede a change in velocity, when in fact, by the change
equations, more fundamentally the acceleration components
of body a are linearly proportional to the mass of body b.
The present-day classical form of the second law is a slight-
of-hand in mass. Furthermore, strictly speaking, the law in
NT has the appearance of violating the principle of impetus,
which requires that the change of the state of a primitive not
depend on itself. In any event, we now deduce that the mass
in the law of inertia and the mass in the gravitational law
both originate from the mass of their fragment, which
resolves the paradox of inertial and gravitational masses.

About the confusion with force, the new theory resolves
the paradox in NT that originated from never clarifying
whether the force F' in F =ma is an interaction force or an
action force (NT never successfully distinguished between
the two). When one thought of it as an action force, the
equality of the magnitudes of mutual forces became paradox-
ical. For example, NT predicts that the magnitude of the
force F by the comparatively huge sun on the earth is equal
to the magnitude of the force F' by the comparatively tiny
earth back on the sun, which would be counter-intuitive if
one were to think of the force as an action by a primitive. In
contrast, the magnitude of the action force by the sun on the
earth and the magnitude of the action force by sun back on
the earth that SI predict are proportional to their respective
masses, in agreement with intuition, and we now can regard
the equal and opposite properties associated with interactions
to be deduced, not assumed.

IX. SUMMARY

This article introduced the theory of SI. The theory uni-
tes NT and the theory of GR. It does so by replacing the law
F =ma governing the motion of particles with the change
equation P = k governing the motion of fragments of energy,
where I is an interaction force, P is an action force, m is
mass, a is acceleration, and k is the path curvature of the
spacetime path of a source point of a fragment.

In this article, the reader discovers that the fragment of
energy building block, first introduced in Ref. 1, was not a
mere coincidence but rather the basis for the extension of the
concept of impetus to bodies that travel at the speed of light,
in general agreement with the theory of GR. To illustrate just
how SI extends the concept of impetus, let us consider a sim-
ple illustration—the pair of companion problems of the Earth
orbiting the sun and of light bending around the sun. In both
problems, the sun pulls on a body that would otherwise
travel along a straight line, causing it to rotate (orbit or
bend). In classical thinking, one treats the sun as a particle of
mass M, the Earth as a particle of mass m, and light as a
wave, and we now treat each of them as fragments of energy.
In SI, the Earth and light fragments change their directions
of travel due to the gravitational force by the sun fragment.
In Section II, we found the fragment of energy to lead natu-
rally to a new mathematical structure within the FT frame-
work that connects rigorously to one another such concepts



562

as mass, energy, action, and interaction. In particular, the
interaction force was derived from the action force; the inter-
action force acting on the earth fragment or the light frag-
ment by the sun fragment was equal to the action force by
the sun fragment multiplied by the mass of the fragment on
which it acts (the earth or light), written F = mP. Substituting
this expression into the spacetime change equation P =k
gave F'=mk, which almost looked like Newton’s classical
law of inertia F = ma governing the motion of a particle. The
difference between SI and the classical concept of impetus
was in the path curvature k of a path in spacetime replacing
the acceleration « of a path in space. Here, it is good to recall
from Section III that @ =k (in light units) when the speed of
a fragment is small compared with the speed of light, corre-
sponding to the range of speeds over which the classical con-
cept of impetus applied. The path curvature k served to
predict the change that occurs when the speed of the frag-
ment approaches that of light, too. To see how this enabled
the correct prediction, let us continue with the pair of com-
panion problems, and first recognize, regardless of whether
the fragment represents the earth or light, that the sun’s grav-
itational force acts along the line between it and the sun frag-
ment (recall Fig. 2). Furthermore, the specific fragment
derived in Section VI prevented the effect of the sun’s gravita-
tional force from vanishing when the speed of the fragment
on which it acts approaches that of light. When the speed of a
fragment is small when compared with the speed of light, the
fragment’s acceleration is along the line between the two frag-
ments, as in NT. However, when the speed of a fragment
approaches the speed of light, its acceleration vector due to
the gravitational force acting on it rotates. Its acceleration vec-
tor approaches a direction that is perpendicular to its velocity
vector (see Fig. 2). The absence of a component of accelera-
tion tangent to a fragment’s velocity vector creates a limit to
the speed of a fragment and the nonvanishing perpendicular
component of acceleration causes its path to bend. As Section
IIT describes, light obeys the identical limiting conditions that
the motion of the source of any fragment obeys.

To verify SI, we conducted three tests. Test 1 was a
high-curvature mechanical test that predicted the precessions
of Mercury and of Jupiter, test 2 was a low-curvature light
test that predicted the bending of light when it grazes the
sun, and test 3 was a high-curvature light test that predicted
the photon sphere’s radius. Test 3 is particularly noteworthy,
because it showed that one no longer needs to regard the
black hole as a general relativistic phenomenon—resulting
from the bending of spacetime.

Finally, note that we expressed the equations of motion
in terms of Cartesian coordinates and time, and they are rela-
tively simple to solve. Undergraduate students in science and
engineering and others with similar mathematical skills can
validate the results for themselves.

APPENDIX A: SPACETIME OPERATIONS

Let x, (r=0,1,2, and 3) denote spacetime coor-
dinates. We designate x to be a time coordinate ¢ and the
other three to be spatial coordinates. The square of a space-
time metric is
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ds*£dr — d — dx; — dx3 .

1 0 0 0
Letting wy = w;, = 8 701 701 00 , We rewrite
00 0 -1
the square of the spacetime metric as
ds* & WX Xz (A1)

In Eq. (Al), we sum repeated indices from O to 3. The
spacetime metric motivates operations on first-order tensors
that determine components and generalized perpendiculars.
Table XIII gives the spacetime scalar product of two first-
order tensors, the spacetime magnitude of a first-order ten-
sor, and the generalized perpendiculars to the first-order ten-
sors for 2D, 3D, and 4D spacetimes.

In Table XIII, the 2D, 3D, and 4D permutation symbols
&y &, and &, are equal to 0 when any one index is
repeated, and they are equal to 1 when their indices are in
the right-hand order, and equal to —1 when in the left-hand
order. Switching a pair of adjacent indices causes the sign of
a permutation symbol to change. By convention, &,; = 1 for
2D, ¢y12 = 1 for 3D, and ¢y123 = 1 for 4D. In Table XIII,
a-b =0 for the 2D perpendicular, a - ¢ = b - ¢ = 0 for the
3D perpendicular, and a-d =b-d =c-d =0 for the 4D
perpendicular. The operations given in Table XIII are natural
extensions to the operations that one finds with the ordinary
metric in ordinary geometry for 2D, 3D, and 4D spaces.

TABLE XIII.  Spacetime operations.

Dot product a-b=ab, a, = Wyd;
Magnitude la| =+a-b

2D perpendicular b, = &d; & (r,5=0,1)
3D perpendicular ¢ = &gdsh, &g (1,5, 1=0,1,2)

4D perpendicular d, = egpdsbicy Erg (1,5, 6, u=0,1,2,3)

APPENDIX B: LINEAR MOMENTUM AND ANGULAR
MOMENTUM INVARIANTS FOR N-BODY SYSTEMS

Consider a system of n fragments

Aaémau(ra),(a: 1,2,...,n), (B1)

where m, is the mass, 2= (x| —xu)" + (2 — x02)* +
(3 — xa3)2 is the square of the distance between a point in
space and the source point of a fragment, and u(r,) is a unit
fragment. (Note whereas @ and b will refer here to running
indices, that in the body of the article ¢ and b were designa-
tions for particular fragments.) The following identities hold
for any indices @ and b between 1 and n

ral ) = 1| A ara_xs—x,m__8ra 8rb|

a - — la - -

b a " OX, a Oxgs Oxg®
Org du(rg)

8xx|b u(ra)|b:u(r;,)\u, dr, |b

_du(rh)‘ 0A,  du(rq)or,  0A,
T odry ' Oxg Ma dr, Ox;  Oxy

(B2)
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Let us first define the s-th component of the action force
on fragment a by fragment b as

0A du(rp), m
abs éa—):h, =Ga (sz - xa:)a Gap = d(r;, )‘a raz . (B3)
It follows from Eqs. (B2) and (B3) that:
myGap + mpGpg = 0,muPapg + mpPpes = 0. (B4)

Based on the action forces, define the interaction forces
between fragments ¢ and b and obtain from Eq. (B4) the
equal and opposite properties of pairs of interaction forces

Faps éWlanasaFabs + Fpas = 0. (BS)

Next, turn to the moment components. Define the ¢-th
component of the action moment on fragment a by fragment
b and obtain from Eq. (BS), the properties of action moment
pairs

Qaht (xar x0r>Pabs - (xax

+ mpQpar = 0

- xO.v)Pabr; maQabt (B6)

where (r, s, t) is a right-handed triad. Based on the action
moments, define the interaction moments between fragments
a and b and obtain from Egs. (B5) and (B7) the equal and
opposite properties of pairs of interaction moments

M é”naQal‘na]Waht + Mpy = 0. (B7)

These definitions and properties provide the set up for
examining the invariance of system linear momentum and of
system angular momentum. The linear momentum of a frag-
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ment, the linear momentum of the system, the angular rate of
a fragment, the angular momentum of a fragment, and the
angular momentum of the system are

LeY L

- xOr)eas - (xas - xOs)earv (BS)

A A } :”
Hat:mahataHt: a—1 Hat'

JAN
Lar =MgCqyr,

ha & (Xar

The spacetime change equations for a system of n frag-
ments and the resultant action forces are

(l.S —kasaPasA Z

Paps, (s = 1,2,3). (BY)

Thus, from Egs. (B8) and (B9), the change in system lin-
ear momentum and the change in system angular momentum
are calculated

dL, , n dLg
ds a=1 ds,

dH dH,
—& Za 1 dS :

= Z (xal

- Za l .Xw

Y e = Y =0

XOI')kas - (xus - XOs)kar)
) =0.

(B10)

xOr)Pax - (xas - xOs)Pw

Thus, system linear momentum and system angular
momentum are invariant.

'L. M. Silverberg and J. W. Eischen, Phys. Essays 33, 489 (2020).

2L M. Silverberg, Unified Field Theory (Wiley-VCH, Hoboken, NJ, 2009).

3A. A. Ungar, Beyond the Einstein Addition Law and Its Gyroscopic Thomas
Precession (Kluwer, Dordrecht, The Netherlands, 2001).

“M. P. Hobson, G. Efstathiou, and A. N. Lasenby, General Relativity
(Cambridge University Press, Cambridge, UK, 2005).


http://dx.doi.org/10.4006/0836-1398-33.4.489

	s1
	cor1
	cor2
	s2
	eq1
	T1
	F1
	FN1
	s3
	eq2
	eq3
	UE1
	eq4
	T2
	s3A
	eq5
	eq6
	eq7
	eq8
	eq9
	F2
	s4
	eq10
	T3
	T4
	eq11
	s5
	eq12
	eq13
	T5
	T6
	eq14
	UE2
	eq15
	s6
	eq16
	FN2
	eq17
	eq18
	UE3
	eq19
	T7
	s7
	UE4
	UE5
	eq20
	T8
	s7A
	s7B
	T9
	FN3
	eq21
	s7C
	T10
	s8
	T12
	T11
	F4
	F3
	F5
	s9
	F6
	app1
	UE6
	eq22
	app2
	eq23
	eq24
	T13
	eq25
	eq26
	eq27
	eq28
	eq29
	eq30
	eq31
	eq32
	B1
	B2
	B3
	B4



